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Abstract 

We derive a geometrical characterisation of a large class of AdS^ and AdS2 super- 
symmetric spacetimes in type IIB supergravity with non-vanishing five-form flux us- 
ing G-structures. These are obtained as special cases of a class of supersymmetric 
spacetimes with an M}'^ or M (time) factor that are associated with D3-branes wrap- 
ping calibrated 2- or 3-cycles, respectively, in manifolds with SU{2), SU{3), SU{4:) 
and G2 holonomy. We show how two explicit AdS solutions, previously constructed 
in gauged supergravity, satisfy our more general G-structure conditions. For each 
explicit solution we also derive a special holonomy metric which, although singu- 
lar, has an appropriate calibrated cycle. After analytic continuation, some of the 
classes of AdS spacetimes give rise to known classes of BPS bubble solutions with 
Mx50(4)x50(4),RxSO(4)x[/(l), and Mx ^0(4) symmetry. These have 1/2, 1/4 
and 1/8 supersymmetry, respectively. We present a new class of 1/8 BPS geometries 
with R X SU{2) symmetry, obtained by analytic continuation of the class of AdS 
spacetimes associated with D3-branes wrapped on associative three-cycles. 



1 Introduction 



A supersymmetric solution of D=10 or D=ll supcrgravity theory with an anti-dc- 
Sitter (AdS) factor is expected to be dual to a supersymmetric conformal field theory 
(SCFT). It is interesting to elucidate and study the geometrical structures underpin- 
ning such solutions for several reasons. For example, the results provide a good 
starting point for constructing explicit solutions. More generally, a precise global 
characterisation of the relevant geometry is the first step in attempting to obtain 
existence theorems. Another application is to find geometrical analogues of general 
properties of classes of SCFTs as in [1, 2]. Finally, possibly after analytic continua- 
tion, the AdS solutions can give rise to classes of "bubble" solutions corresponding 
to certain chiral primaries in SCFTs [3] or to solutions that describe supersymmetric 
defects, including Wilson lines, [4, 5, 6, 7, 8, 9, 10], all of which are interesting objects 
to study in the AdS/CFT correspondence. 

It is by now well established that G-structure techniques [11, 12] are very useful 
in determining necessary and sufficient conditions for a class of geometries to give 
supersymmetric solutions. A key observation is that the isotropy group of the Killing 
spinor(s) defines a canonical G-structure, which can, for example, be characterised 
by certain bi-linears built from the spinors. The Killing spinor equations then impose 
restrictions on the intrinsic torsion of the G-structure and/or relate it to the fiux. 

To classify supersymmetric AdSd+i solutions one can start by assuming that the 
metric is a general warped product of AdS^+i space, with its maximally symmetric 
metric, and a Riemannian manifold A^: 

ds^ = X-^ds^{AdSd+i) + ds'^{N) (1.1) 

where the warp factor A depends on the coordinates of A^. This ansatz is clearly 
invariant under the S0{d,2) isometrics of the AdS space^. One also considers the 
most general SO{d, 2) invariant ansatz for the matter fields ("fiuxes") and then anal- 
yses the G-structures as just described. Some care is required in order to obtain a 
precise global statement about the geometry: proceeding naively, say with bi-linears 
built from the Killing spinors, one might be working with G-structures that are only 
locally defined^. 

■^For the AdS2 case it is known that there are more general supersymmetric metrics with 50(1, 2) 
symmetry that arise as the near horizon hmit of rotating black holes [13, 14, 15]. It would be 
interesting to extend our analysis further to include these examples. 

^This is not a problem for the specific application of constructing explicit solutions. This is 
because, in practise, one introduces local coordinates, demands that the G-structure conditions are 
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An alternative strategy is to write the AdS^+i metric in Poincare co-ordinates and 
to consider the solution, locally, as a special case of a supersymmetric solution with 
a d-dimensional Minkowski space factor. Thus if one has an understanding of the 
geometry of spacetimes with Minkowski factors in terms of G-structures, then one 
can extract out the geometry underlying the solutions with AdS factors [16]. It turns 
out that it is in fact not necessary to consider the most general Minkowski solutions: 
it was first shown in [16] and then subsequently in [17] that in many cases one can 
consider classes of solutions with Minkowski factors that were called "wrapped- brane" 
solutions. The name arises because this class of Minkowski solutions, by definition, 
preserves Killing spinors that satisfy the same projections as for those of a probe 
brane wrapping a calibrated cycle in a special holonomy manifold, or, equivalently, 
to a configuration of intersecting branes. From a physical point of view this is in 
accord with our expectation that the SCFTs dual to the AdS solutions should live 
on such wrapped or intersecting branes. 

Thus a strategy to classify AdS solutions is to first classify wrapped-brane solu- 
tions, which is an interesting result in itself, and then extract out the necessary and 
sufficient conditions for there to be an AdS solution. A nice feature of this approach is 
that it provides a neat global description of the relevant geometry arising in the AdS 
solution in terms of the G-structure of the wrapped-brane solution [17, 18]. Typically, 
if we consider branes wrapping calibrated cycles in manifolds with special holonomy 
G, the associated wrapped-brane solution will have a globally defined G-structure 
but with non-trivial intrinsic torsion. 

The approach has now been used to classify AdS solutions associated with wrapped 
M5 branes [17, 18] and wrapped M2 branes [19]. In this paper we will focus on type 
IIB AdS solutions associated with wrapped D3-branes. In particular we will clas- 
sify solutions that are a warped product of a Minkowski spacetime with an internal 
space that are associated with probe DS-branes wrapping associative 3-cycles, spe- 
cial lagrangian (SLAG) 3-cycles, and holomorphic 2-cycles in Calabi-Yau (CY) 2, 3 
and 4-folds. Furthermore, we assume that the only non-trivial flux is the self-dual 
five-form. We mentioned above that it is known that in many cases the procedure 
that we will adopt leads to the most general classes of AdS solutions of the type 
under consideration and we expect that to be the case here also. Our analysis will 
include some cases that have already been studied before which will provide some 
confirmation that this expectation is correct. It is certainly the case that in all cases 
the conditions that we derive are sufficient for having a supersymmetric AdS solu- 

satisfied and then finally checks whether the local solution extends to a globally defined solution. 
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wrapped brane 


manifold 


world- volume 


susy 


i?-symmetry 


Associative 


G2 


R 


AT = 2 


U{1) 


SLAG 3-cycle 


CY^ 


R 


Ar = 4 


SU{2) 


Kahler 2- cycle 


CY^ 


Ri'i 


A/" =(0,2) 


U{1) 


Kahler 2-cycle 


CYs 


Ri'i 


AT = (2,2) 


Uil) X f/(l) 


Kahler 2-cycle 


CY2 


Ri'i 


AA-(4,4) 


SO {A) X [/(I) 



Table 1: Wrapped 3- brane geometries and their supersymmetry 

tion. Rather than insisting at all points on complete generality, our goal is to define 
a tractable framework to explore the interplay of Anti-de Sitter and wrapped-brane 
geometry. 

The cases that we shall consider in this paper are summarised in Table 1. We have 
listed the different types of calibrated cycles a probe D3-brane can wrap inside the 
given special holonomy manifold. We have also listed the unwrapped world-volume 
of the D3-brane, with R^'^ representing two-dimensional Minkowski spacetime and R 
referring to a time direction, along with the amount of supersymmetry on this space. 
The final column indicates the i?-symmetry that arises in the corresponding CFTs; 
this manifests itself as isometrics in the classes of AdS solutions that we shall derive. 

In section 2 of this paper we will present and discuss the wrapped-brane geome- 
tries. The wrapped-brane geometries corresponding to Z}3-branes wrapping associa- 
tive 3-cycles and Kahler 2-cycles in CY^^ can be obtained as special cases of a more 
general classification of type IIB geometries with five-form flux that was carried out 
recently using G-structure techniques in [20]. We will obtain the wrapped-brane ge- 
ometries for all other cases by exploiting the fact that the geometries must admit 
multiple copies of these basic G-structures along with another assumption which we 
will explain in section 2. This exactly parallels what was done in [17] where it was 
shown in that context that this indeed does give the most general wrapped-brane 
geometries. Since we strongly suspect that this is also true here, in the sequel we will 
refer to these geometries as wrapped-brane geometries. 

In section 3, starting from the wrapped-brane geometries in section 2, we deter- 
mine the extra conditions that need to be imposed in order to obtain AdS spacetimes. 
The AdS2 geometries for the associative and SLAG 3-cycles that we derive are new. 
The AdS^, geometries (or the corresponding bubble solutions that we discuss in a mo- 
ment) for the cases associated with D3-branes wrapping holomorphic 2-cyclcs in (71^2, 
CF3 and CF4 have all been considered before but the derivation from wrapped-brane 
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geometries is new. It is satisfying that we find results in agreement with [3, 23]. 

It is sometimes possible to analytically continue AdS solutions to obtain other 
classes of BPS solutions. For example the classes of AdSs solutions arising from 
D3-branes wrapping holomorphic 2-cycles in CY2, CY3 and CI4 give rise to known 
BPS "bubble" solutions with R x SO(A) x SO{A), R x 50(4) x U{1) and R x 50(4) 
symmetry, that have 1/2, 1/4 and 1/8 supersymmetry, respectively [3, 21, 22, 23] 
(for a unified discussion, differing from that given in this paper, see [24]). Another 
class of BPS bubble geometries in D = 11 supergravity can be found in [25] and 
further examples can be easily obtained from the results of [17, 19] (see [26] for an 
alternative derivation of some of the cases considered in [17, 19]). Here we will see that 
an analytic continuation of the AdS2 geometries associated with DS-hranes wrapped 
on associative 3-cycles leads to an interesting new class of 1/8 BPS solutions with 
M X SU{2) symmetry. 

In section 4, we show that two explicit AdS solutions that were first constructed 
using gauged supergravity [27, 28, 29], do indeed satisfy our conditions. This provides 
a very good check on our calculations, the details of which we mostly omit. Using 
these results also allows us construct an ansatz for the wrapped-brane geometries 
that could describe solutions that interpolate from a special holonomy manifold to 
the explicit AdS solutions (this should be contrasted with the interpolating solutions 
that correspond to a "flow across dimensions" [27]). In particular, we show that 
the ansatz includes singular special holonomy manifolds with a calibrated cycle that 
provide a local model for probe £'3-branes wrapping the calibrated cycle. 

In section 5 we briefly conclude. 

2 Wrapped D3-Brane Geometries 

In this section we will discuss the wrapped-brane geometries associated with D3- 
branes wrapping calibrated cycles in manifolds with special holonomy G. By defi- 
nition, these geometries are warped products of d-dimensional Minkowski spacetime 
with a 10 — d dimensional Riemannian manifold Mio-d 

ds^ = L-'ds\R^'''-^) + ds2(Mio-d) (2.1) 

where the Minkowski spacetime should be viewed as the unwrapped part of the D3- 
brane. Thus for £)3-branes wrapping two-cycles we have d — 2 and for D3-branes 
wrapping three-cycles we have d — 1. Both the warp factor L and the metric on 
Mio_d are independent of the coordinates of the Minkowski factor. Only the self-dual 



4 



five-form fiux is non-zero and it is also taken to be invariant under the symmetries of 
the Minkowski factor. We will write 



= e + *ioe. 



(2.2) 



In all cases, Mio_d will admit a globally defined G-structure with non-trivial torsion, 
related to the five- form fiux, and will preserve 1/2 as much supersymmetry as the 
type IIB solution with special holonomy G and vanishing five-form fiux. We also 
expect that all of the classes of solutions that we consider will admit KiUing spinors 
that satisfy the same projections^ as those of a probe £)3-brane wrapping a special 
holonomy manifold: 

We first discuss the case associated with £)3-branes wrapping associative three- 
cycles in manifolds with G2 holonomy. The relevant wrapped-brane geometry can 
simply be obtained by making a restriction on the more general classification that 
appeared in [20]. Prom this case we then derive the wrapped-brane geometry asso- 
ciated with £)3-branes wrapping SLAG three-cycles, making clear what we assume 
in the derivation. Similarly, the case associated with D3-branes wrapping Kahler 
two-cycles in CI4 can be obtained from the more general classification that appeared 
in [20] and we then derive the cases associated with D3-branes wrapping Kahler two- 
cycles in CY^ and CY2. A nice consistency check is that the latter wrapped-brane 
geometry can also be derived from the case associated with D3-branes wrapping 
SLAG three-cycles. 

2.1 Associative geometry 

We first define this geometry, and then discuss some of its features. For this case the 
metric and five-form fiux can be written 



where dt is Killing and e° = L'^l'^dd.. There is a globally defined (no-where vanishing) 
G2 structure that is specified by an associative three-form </? and co-associative four- 
form *7(/7 defined on M-j and compatible with the metric ds^{M.-j). Furthermore, 
both (/? and the warp factor L can depend on the coordinates of AI7 and R^. We 

^For a more precise discussion of this point we refer to section 2 of [17]. 



ds^ 



d(e° A(^). 



e 



(2.3) 



5 



require that the intrinsic torsion of the G2 structure is determined as follows: 

d(e°AVol7) = 0, 
Vo1[M2] Ad*7(p = 0, 

(pAdip = 0. (2.4) 

Finally we require that the Bianchi identity is satisfied, 

d*io© = 0. (2.5) 

With a hopefully obvious choice of frame, we take the ten-dimensional orientation to 
be positive with respect to 

Volio = e° A Vol[A47] A A e^ 
Vol[M7] = ^^A*7^. (2.6) 

Having defined associative geometry we now begin to discuss its features. Every 
solution of these equations will, by definition, admit two Killing spinors, which satisfy 
the same orthonormal-frame projections as those of a probe £)3-brane wrapping an 
associative 3-cycle in a G2 manifold. This is because we have obtained the torsion 
conditions as a special case of those of the more general class of geometries called 
G2 backgrounds in [20] . By the construction of [20] , the associative geometries then 
admit two Killing spinors, satisfying the appropriate algebraic constraints. In order 
to get the wrapped-brane geometry of interest here we set m = Kt = in section 6.1 
of [20] . With some work one can recast this restriction of the conditions of [20] in the 
more transparent way given above^. For these geometries, supersymmetry plus the 
Bianchi identity implies all the equations of motion of IIB supergravity are satisfied: 
this can be shown by studying the integrabihty conditions for type IIB [30] (see also 
[31]) and generalising an argument presented in [12]. 

The wrapped-brane geometry should be able to describe back reacted DS-hranes 
wrapping associative 3-cycles (or alternatively an appropriate configuration of inter- 
secting D3-branes) and it has several intuitive features. As we have noted before, the 
Killing time direction in (2.3) corresponds to the unwrapped part of the D3-brane, 
while the two "overall transverse" directions, i.e. transverse to the probe D3-hrane 
world- volume and to the G2 holonomy manifold, are visible as the factor in (2.3). 
Recall that the R^'^ x X7 solution of type IIB supergravity where has G2 holon- 
omy preserves four supersymmetries and obviously has a globally defined G2- In the 

*Up to an irrelevant factor of —1/4 in the definition of the five- form. 
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associative wrapped-brane geometry there is still a globally defined G2 structure, but 
it now has non-trivial torsion which leads to the preservation of two supersymmetries. 

As somewhat of an aside let us discuss how some of the conditions on the geometry 
can be understood in terms of generahsed cahbrations [32] (for further discussion 
and references see section 4 of [17]). In particular, the expression for the fiux in 

(2.3) reveals that </? is a generahsed calibration: it arises because the geometries can 
describe the back-reacted geometry of iP3-branes wrapping associative 3-cycles. Some 
of the other conditions in (2.4) have a similar interpretation. The first condition in 

(2.4) states that in associative geometry, we can also wrap a probe D7-brane over the 
entire G2 structure manifold while preserving supersymmetry. The second condition 
in (2.4) seems to be related to probe D5-branes that are calibrated by *7(/? and one 
of the overall transverse directions. However, this condition is not equivalent to 

d(e° A *7(/7 A e^) = 0, 

d(e° A *799 A e^) = (2.7) 

as one might naively expect from such an interpretation ((2.4) allows *7</? to have non- 
trivial dependence on the coordinates of R^, whereas (2.7) does not). Furthermore the 
last condition in (2.4) does not have any obvious interpretation in terms of generalised 
calibrations. This example shows that one needs to use the intuition obtained from 
generalised calibrations with care. 

2.2 SLAG-3 geometry 

In this subsection we define SLAG-3 geometry. The metric and the fiux are given by 

ds^ = -L-Mi2 + ds2(Al6) + ^ds2(E3), 
e = -d(e°AlmQ). (2.8) 

where dt is Killing and e° — L~^/^dl We require the existence of a globally defined 
SU{3) structure, given by an everywhere non- vanishing (1,1) form Jg and an every- 
where non-vanishing (3,0) form Qq, defined on A4g and compatible with ds'^{A4e)- 
The SU{3) structure and the warp factor L can depend on the coordinates of both 
Me and M.^. The SU{3) structure satisfies the following conditions on the intrinsic 
torsion: 

dJe = 0, 
Vol[R^] A d(e° A ReQe) = 0, 

ImQeAdlmQe = 0. (2.9) 
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We also demand that d *io © = 0. 

These geometries admit four KiUing spinors (half-maximal for an SU{3) struc- 
ture), satisfying the appropriate algebraic constraints. This is because we have de- 
rived the above class of geometries by requiring two independent associative struc- 
tures, each of which implies the existence of two Killing spinors. If we write 

ip = ±Je A — IrnQg, 

7(p = iJeA JeiReOe Ae^ (2.10) 

and set — L^/^dy, after substituting into (2.3), (2.4), we get torsion conditions 
given in the definition. The requirement that we have two independent associative 
structures is exactly what is wanted for the geometries to preserve Killing spinors 
satisfying the same algebraic constraints as probe D3-branes wrapping SLAG 3-cycles 
in the sense of [17]. Note that our assumption that = L^^'^dy implies that there 
is an factor in (2.8) corresponding to the three overall transverse directions of 
a probe DS-hrane wrapping a SLAG three-cycle. Based on the results of [17] we 
strongly suspect that this assumption is actually implied by demanding that the 
class of geometries admit Killing spinors satisfying the same projections as wrapped 
probe branes. In this paper we will be content to just assume this condition, and 
hence it effectively becomes part of our definition of a SLAG-3 geometry. Similar 
comments will apply to other geometries that we discuss below. 

As in the associative case some of these conditions can be interpreted, if somewhat 
imprecisely, in terms of generalised calibrations. The expression for the flux says that 
-ImJle is a generalised calibration corresponding to the fact that the geometries can 
describe the back-reacted geometry of D3-branes wrapping SLAG 3-cycles. The 
flrst condition in (2.9), which can be written d(e° A Jg A e*) = 0, where is a 
frame direction in any of the three overall transverse directions, corresponds to probe 
£)3-branes wrapping a cycle calibrated by Jq and any one of the overall transverse 
directions. The second condition in (2.9) corresponds to probe D5-hranes that are 
calibrated by ReQ and any two of the three overall transverse directions, but as in 
the associative case, only imprecisely. The last condition in (2.9) doesn't have any 
obvious generalised calibration interpretation. 
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2.3 Kahler-2 in CI4 geometry 

The metric and flux for this geometry take the form 

ds^ = L-Ms'(R^'^)+ds'(M8), 
e = Vol[R^'^] Ad(L-V8). (2.11) 

We now require the existence of a globally-defined SU (4) structure, specified by 
everywhere-non-zero forms Jg, fig on Ms and compatible with the metric ds'^{M.s). 
The intrinsic torsion conditions can be written 

d(L- A Jg A Jg) = 0, 

d(L-^f]g) = 0, (2.12) 

and we also demand that d *io © = 0. Positive orientation is defined with respect to 

Volio = e° Ae^ AVolfMg], 
Vol[A^8] = ^JgJsAJgAJg. (2.13) 

We have obtained the torsion conditions from the 5'C/(4) ix case^ of [20]; they 
were also derived in [33] . It follows from the construction of [20] that these geometries 
admit two Killing spinors, half-maximal for an SU{A) structure. In an orthonormal 
frame these satisfy the same algebraic projections as for probe D3-branes wrapping 
a Kahler two-cycle in a CY4. The KiUing spinors are pure. Note that for this case 
there are no overall transverse directions. 

The expression for the fiux says that Jg is a generalised calibration corresponding 
to the fact that the geometries can describe back-reacted D3-branes wrapping holo- 
morphic 2-cycles. The first condition in (2.12) corresponds to probe £)7-branes that 
wrap a 6-cycle calibrated by J|/3!, while the second condition corresponds to probe 
D5-branes wrapping a four-cycle calibrated by the real or imaginary part of Qg. 

2.4 Kahler-2 in CY^ geometry 

We next consider the wrapped-brane geometries associated with L>3-branes wrapping 
holomorphic two-cycles in a Calabi-Yau three-fold. The metric and the flux are given 

potentially confusing point is that the isotropy group of the Killing spinors in the geometry 
of [20] is SU{4:) x M®. However, the assumption that we have a warped product of E}'^ with an 
eight-dimensional manifold reduces this to an SU (4) structure. 



9 



by 

e = Vol[Ri'i] Ad(L-V6). (2.14) 

We demand the existence of a globally- defined SU{3) structure, with everywhere 
non- vanishing structure forms Jg, Oe defined on Ai^ and compatible with ds'^{AiQ). 
The warp factor L and Jgi ^6 depend on the coordinates of both A4q and M^. We 
require the following torsion conditions 

Vop^] A d( Jg A Je) = 0, 

d(L-^/2Q6) = 0, (2.15) 

and also demand that d *io = 0. 

The torsion conditions may be derived by assuming a pair of SU{4) structures 
satisfying the Kahler-2 in CI4 conditions of the last subsection. To see this, write 

Jg = Je ± A e^ 

Qs = lie A (e^iie^), (2.16) 

together with = L^/^dx^, = L^^'^dx^. Substituting both these structures into 
(2.11), (2.12) produces (2.14) and (2.15). 

The expression for the flux says that Jq is a generalised calibration correspond- 
ing to the fact that the geometries can describe back-reacted D3-branes wrapping 
holomorphic 2-cycles. The first condition in (2.15) corresponds to probe £)7-branes 
that wrap a 4-cycle cahbrated by J|/2 and two of the overall transverse directions 
(the IR^ factor). The second condition corresponds to probe Db-hranes wrapping 
a 3-cycle calibrated by the real or imaginary part of D,q and one of the two over- 
all transverse directions. To see this we note that we can rewrite the condition as 
d(e° Ae^ AQq A e') = 0, for arbitrary on the transverse space. Furthermore, we 
note that the last condition implies that d(L~^Vol[At6]) = which corresponds to 
probe D7-branes wrapping the whole CY3. 

2.5 Kahler-2 in CI2 geometry 

Finally we consider the wrapped-brane geometry corresponding to D3-branes wrap- 
ping holomorphic two-cycles in a Calabi-Yau two-fold. The metric and flux are given 

by 

ds' = L-Ms2(M^'^)+ds'(M4)+ W(M^), 
e = Vol[]R^'^] Ad(L-V4). (2.17) 
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There is a globally defined SU (2) structure, with nowhere- vanishing structure forms 
J4, Vti defined on AI4 and compatible with the metric ds^(Al4). The warp factor L 
and J4, ^4 depend on the coordinates of both M.a and R^. We require the torsion 
conditions 

Vol[R^] A d(LJ4) = 0, 

dVLi = 0, (2.18) 

and that d *io © = 0. 

These conditions imply the existence of eight Killing spinors, half-maximal super- 
symmetry for an SU (2) structure. To see this, observe that they imply the existence 
of two SU (3) structures satisfying the constraints of the previous subsection. The 
SU (3) structures are 

Je = J4 ± A 

Qq = n^A{e^±ie^), (2.19) 

with = L^^'^dx^ and = L^/^dx^. Requiring that both these structures satisfy the 
torsion conditions of the previous subsection, we get (2.17) and (2.18). 

The expression for the flux says that J4 is a generalised calibration corresponding 
to the fact that the geometries describe back-reacted D3-branes wrapping holomor- 
phic 2-cycles. The first condition in (2.18) corresponds to probe D7-branes that wrap 
a 2-cycle cahbrated by J4 and four overall transverse directions. The second condi- 
tion corresponds to probe D5-branes wrapping a 2-cycle calibrated by the real or 
imaginary part of D,^ and two of the four overall transverse directions: to see this we 
note that the condition can be equivalently d(e° A A Jl4 A A e^) = for arbitrary 
e\ on the overall transverse space. 

We can also obtain these conditions starting from the SLAG-3 case, which provides 
a nice consistency check. In particular, if we decompose the SU{3) structure Jqj^q 
as 

Je = /^)±e^Ae^ 

= (j(2)+ij(^)) A(e^±ze^), (2.20) 

set = L^/^dx^, = L^/^dx^, and substitute into the SLAG-3 geometry conditions 
(2.8), (2.9) we recover (2.17) and (2.18), provided that we identify J(^) and J^^^+iJ^^) 
with J4 and D,^, respectively. 

Finally, we point out that we strongly suspect that (2.17) and (2.18) do not 
constitute the most general wrapped-brane spacetimes in this class. In particular, by 
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analogy with a similar case that was studied in [19], we expect that the derivation 
that we have used misses the possibility that the overall transverse space, in (2.17) 
and (2.18) can be replaced with an arbitrary CY2 metric. It would be interesting to 
verify this. On the other hand we suspect that in order to obtain an AdSz limit, as 
we do in the next section, it is necessary to take the CY2 metric to be flat R^; again, 
this would be interesting to verify explicitly. 

3 AdS and Bubble Geometries 

In the previous section we have defined classes of wrapped-brane solutions of type 
IIB supergravity. In all cases the metric has the form 

ds' = L-Ms2(M^'''-^) + ds2(Mio-d) (3.1) 

For all cases, except the Kahler-2 in CY^ case, there are at least two overall transverse 
directions and we can write 

ds'(Mio-d) = ds'(MG) + L [dz' + zMs'(>S«)] (3.2) 

where (\s^{S'^) is the round metric on a g-sphere and the cases g = 1, 2 and 3 appear. 

In this section we determine the extra conditions that need to be placed on these 
geometries in order to extract an AdS solution of the form 

ds^ = A-W(^d5d+i) + ds2(A^3_d) 

= [e-2''ds'(M^''^-^) + dr'] + ds\N^.d) (3.3) 

where in the second line we have written the unit radius AdS space in Poincare 
coordinates. We require that dr is a KiUing vector for ds^(A^9_(i). Clearly to obtain 
this metric from any of the wrapped-brane geometries we must insist that the warp 
factor takes the form 

L = e^'X. (3.4) 

For the Kahler-2 in (714 case, we must demand that ds^(M8) is a cone in order 
to extract out the AdS radial direction, as we shall explain later (this case is very 
analogous to the case of Sasaki-Einstein manifolds). For the other cases, following 
[17], the unit radial one-form can be written 

A-V2dr = sine {i + cos e?), (3.5) 



12 



where it is a unit one-form in A4g, and v is a, unit one- form in the overall transverse 
space. We will make the assumption that v is given by 

V = L^/^dz, (3.6) 

and so lies along the radial direction dz of the conformally flat overall transverse 
space. In addition we will assume that the rotation angle 9 must be independent of 
the AdS radial coordinate. It seems hkely that these assumptions can be relaxed (see 
[17]) but we shall not investigate this issue further here. 
We next introduce the orthogonal combination 

p — cos9u — sin9v, (3.7) 

It is also convenient to introduce a new coordinate p via 



cos 9 = Xp, sin 9 = ^/l - X^p^. (3.8) 
Then using the fact that dz is closed, and 9 is independent of r, we find 



dp, 



u = A-V^^/r^AVdr+ r-^ dp. (3.9) 

Vl - X^p^ 



In addition we also have 



We now write 



z = -e-> (3.10) 



ds'(Mio-<i) = ds''{MG)+L[dz^ + z''ds''{S'')] 

= ds''{MG') + {uf + {vf + Lz^ds''{S'') (3.11) 

where the G"-structure on Aic' is a reduction of the G-structure on Aic defined by 
picking out the particular one-form u. Given the above formulae, we thus conclude 
that 

ds\N,_,) = ds\MG') + {pf + Xp'ds^S'^) (3.12) 

Given the supersymmetry conditions on the original space Mio_d it is then straight- 
forward to take (3.3) with ds^{N^^d) given by (3.12), demand that the flux has no 
components along the ^4^5' radial direction, and hence derive the supersymmetry 
conditions for an AdSd+2 geometry in terms of the G'-structure. We shall present 
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the results of these calculations, which can be technically involved, in the following 
sub-sections. It is worth emphasising that, unlike the G-structure, this G'-structure 
is, in general, only locally defined, since there can be points where sin^ = and 
hence the vector u is ill-defined. 

The discussion thus far has been for the generic case where dr lies partly in A^g 
and partly in the overall transverse space. It is not hard to see that it is inconsistent 
for dr to lie entirely in A^g- One can also consider the possibility that dr lies 
entirely in the overall transverse space. For cases where the torsion conditions imply 
a constraint of the form 

d(L"*Vol[A4G]) = 0, (3.13) 

for some m 7^ 0, it is also inconsistent. This leaves this possibility open for two 
classes, SLAG 3-cycle and the 2-cycle in CY2, and we shall comment on them below. 
We now present the general AdS limits, as described above, for each wrapped-brane 
geometry. 

3.1 AdS2 from associative 

Writing ds^(A^7) = ds^{M.Q) + {uY, after the frame rotation we find that the metric 
and fiux are given by 



ds\AdS2) + r^dp2 + X^p'ds^S^ 

1 — A^'p^ 



e = Yo\[AdS2] A [-d(A-Vl - AV^^e) + A-^/^Imfig - A^/^^e A p]. (3.14) 

Here M.q has an S'f/(3) structure Je; ^6- We find that the direction is Killing, 
leaving both the SU (3) structure and the warp factor A invariant. In addition the 
SU (3) structure must satisfy the conditions 

d{\-^'HmnQ-\^'^pjQAp) = 0, 
d ( ^ Je A Je + -^Refle A p] = 0. (3.15) 



^2 " " ' Xp 
The result of a long calculation gives 

*io e = Yol[S^] A d (a-^/V1 - A2p2ReQ6) . (3. 16) 

which shows that the Bianchi identity is satisfied. 

These geometries are dual to SCQM with two supersymmetries. The U{1) isom- 
etry corresponds to the U{1) i?-symmetry of the dual theory. An example of this 
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geometry was constructed in [28] (see also [29]) and we shall verify this directly in 
the next section. 

It is interesting to notice that we can analytically continue these solutions to 
obtain a new class of 1/8 BPS solutions with M x SU{2) symmetry. In particular, we 
take ds^{AdS2) -ds\S^), Vol[AdS2] iVol[S^] and A ^ -A to get 



1 
A 



ds\S') + ^^^dp'-X'p'dT' 



+ ds\Me), 



e = Vol[52]/^ 



-dfA'VAV - 1^6 ) + X-^^^Imfle + ^ XpJe A dp 
^ ^ i/ A^p^ — 1 



(3.17) 



where the time coordinate T was originally a coordinate on the S^. The torsion 
conditions are now 



d X-^/HuiQe + 



Xp 



-.Je A dp 



0, 



d I ^ Je A Je H 

' 2 ' Ai/2p^A2p' - 1 



ReQe A dp I = 0. 



(3.18) 



It would be interesting to study this class of solutions further. 



3.2 AdS2 from SLAG-3 

AdS radial direction from overall transverse space For this case it is possible 
for the radial direction to come from the overall transverse space. One finds that A 
must be a constant, which we take to be 1, and that the solution is simply the well 
known AdS2 x 5"^ x CY^ solution: 



ds' = ds\AdS2)+ds^{S^)+ds\Me), 
e = Yo[[AdS2\ AluiQe. 



(3.19) 



AdS radial direction from frame rotation Alternatively we can have dr point 
partially in the overall transverse direction and partially in the direction of Ale- 
Writing ds^(A^6) = ds^(Al4) + (e^)^ + (u)^, after the frame rotation we find that the 
metric and flux are 



ds 



1 
X 



ds\AdS2) + 



X^ 



,dp^ + AVds2(52^ 



+ ds^(A^4) + ®e^ 



1 - A2p2 

e = Yo\[AdS2] A [d(A- Vl - A2pV=^) + X^I'^pJ^ A p + A-^/V' A e^]. (3.20) 
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Here M4 has an SU{2) structure J^ i = 1, 2, 3, with J'J^ = -5'^ + e'^^J^. We find 
that the -S"^ directions are KiUing, preserve the SU{2) structure and that in addition 

d(A-^/Vl - AVe') = 0, 

dJ^ = -Apdlog Ae^ Ap, 

d(AVV'Ae^) = d(A-V2j2Ap), 

d(A^/V'Ap) = -d(A-^/V2 Ae^). (3.21) 
Taking the Hodge dual of the ©, a long calculation leads to 

*io e = -Yo\[S^] A [d (^pVI - AVV^) - A-V2 j2 A p + A^/V^' A e^] (3.22) 

and we see that the Bianchi identity is again implied by the torsion conditions. 

These geometries are dual to SCQM with four supersymmetries. The SU{2) 
isometry of these manifolds is to be identified with the i?-symmetry of the dual 
quantum mechanics. We are unaware of any explicit solutions in this class. 

At first glance it would seem that we could obtain a new class of AdS2 geometries 
by making the analytic continuation A — > —A, ds'^{S^) ^ ds'^{AdS2). However, in 
the new solution if we make a further redefinition A l/Xp^, along with J^, 
we find that the solution is exactly the same as that above. 

3.3 AdSs from Kahler-2 in CF3 

Writing ds^{Me) — ds^{MA) + (e^)^ + (■u)^, after the frame rotation we find that the 
metric and flux are 



X 



2 



ds'iAdSs) + YTTl^V + X'p'ds'iS'] 



+ ds^M^) + e\ 
e = Yo\[AdS3] A [d(A-=^/Vl - AV^e^) - 2A-V4 - 2pe^ A p]. (3.23) 



M.4 has an SU (2) structure J4, Q4. We flnd that the direction preserves the SU (2) 
structure and is Killing. In addition we must have 

d(A- V4 + pe^ A p) = 0, 
d(A- Vl - AV^^4) = A - A^/V^^4 A p. (3.24) 

and that dA has no component in the direction. These conditions imply that we 
can introduce a coordinate ^p such that = A{dijj + B) with d-^ a Killing vector and 
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^4 = A ^/^a/I — A^p^. The Killing vector preserves J4, though Q4 has non-zero 
charge under it. In these coordinates The Hodge dual of © is 

*io e = -Vol[^^] A d^A-i/Vl - AV'/4 A e^). (3.25) 

and we sec that the Bianchi identity is again implied by the torsion conditions. 

These geometries are dual to two-dimensional SCFTs with (2, 2) super symmetry. 
These have a [/(I) x U{1) i?-symmetry which is dual to the two U{1) Killing vectors 
associated with the and d^. An example of this geometry can be found in [27] 
(see also [29]): we will verify that this is indeed a solution of the torsion conditions 
in the next section. 

After analytic continuation we obtain BPS bubbles with 1/4 supersymmetry and 
M X 5*0(4) X U{1) symmetry. These conditions should be equivalent to those of [22], 
but we have not verified this. 



3.4 AdSs from Kahler 2 in CY2 

AdS radial direction from overall transverse space For this case it is possible 
for the radial direction to come from the overall transverse space. One finds that A 
must be a constant, which we take to be 1, and that the solution is the well known 
AdSa X S^x CY2 solution: 

ds^ = ds^{AdS^)+ds^{S'^) + ds^{MA), 
e = Yo\[AdS^] ^ J^. (3.26) 

AdS radial direction from frame rotation Alternatively, carrying out the gen- 
eral frame rotation and writing (\.s^{M./^) = {e^Y + (^^)^ + i^^Y + {"^Y instead find 
that the metric and flux are 



ds\AdS^) + A^ ( ^ \„ A p" + p'ds^S') 



e = Vo\[AdS3] A [d(A-='/Vl - AV'e^) - 2{X''e^^ + pe"^ A p)]. (3.27) 

The torsion conditions are that the directions are KiUing, dA has no component, 
together with 

-A = -i*3d(-4^V (3.28) 
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where *3 denotes the Hodge dual on the three-manifold with metric and orientation 
given by 



ds^ = dxl + dxl + dp^, 
Vol = dxi A dx2 A dp. 



(3.29) 



along with d *io © = 0. These conditions imply that we can introduce a coordinate 
■0 such = A~^/^-\/l — X'^p'^{dilj + B) with a Kilhng vector. These conditions 
are equivalent to those of LLM [3] . The Bianchi identity is implied by the torsion 
conditions; the ten-dimensional Hodge dual of © is given by 



These geometries are dual to two-dimensional SCFTs with (4, 4) supersymmetry 
and the 5*0(4) x U{1) symmetry of the solution is dual to the i?-symmetry. We 
are unaware of any explicit AdS examples in this class. After analytic continuation 
wc recover the 1/2 BPS LLM bubbhng solutions with M x 5'0(4) x 5*0(4) x U{1) 
symmetry. 



This case is different from the previous cases in that the wrapped-brane spacetime 
does not have any overall transverse directions. It was first derived from a wrapped- 
brane geometry in [33]. In the notation of this paper, if we write^ L — Ae^'', = 
A~^/^dr, then equations (2.11) and (2.12) lead to a metric and flux given by 



*io© = -Yol[S^] A [d(AV2pVl - A^'e^) + 2 (Ap'e^' + pe^ A p) ] . (3.30) 



3.5 AdSs from Kahler-2 in CY^ 



ds' = \ds\AdS3)+ds''{Me) + e'^ ^e^, 
A 

© = Yo\[AdS3]A[d{X-^/^e'^) -2Je], 



(3.31) 



with the SU (3) structure satisfying 



d(A-V6) 
j|Ad(AVV) 

d(A-^/^fi6) 



= 2iA~^e^AQ6- 



2 3 



= 0, 



(3.32) 



'Note that this means that the conformally rescaled metric Lds^ 



{Ms) is a cone: 



Lds\Ms) = e'^dr^ + e^'X (ds^Me) + ® e^) 



and so this case is rather analogous to the Sasaki-Einstein case. 
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Observe that in this case not all the torsion modules are fixed by the above conditions. 
As a result, in this case it is necessary to impose d *io © = as an extra condition. 
One can show that these are equivalent to the conditions of [23]. In particular we 
note that these conditions imply that we can introduce a coordinate ip such = 
A~^/^(dV' + B) with a KiUing vector that preserves Jq and A but not Qq. Also the 
metric A~Ms^(A^6) is Kahler. 

These geometries are dual to two-dimensional SCFTs with (0, 2) supersymmetry 
and the C/(l) KiUing vector is dual to the i?-symmetry . A rich set of examples of 
solutions of these equations can be found in [29, 34, 35, 36]. 

4 Explicit examples 

In this section we will study two exphcit solutions in detail - the AdSs solution of [27] 
that is dual to a SOFT with J\f — (2,2) supersymmetry and the AdS2 solution of [28] 
dual to a SCQM with 2 supercharges. These arise from D3-branes wrapping Kahler 
two-cycles in CY three-folds and associative three-cycles, respectively. In each case, 
the first part of our investigation will be to verify that these solutions satisfy our ^4^5' 
conditions, by making their G-structure manifest. This serves as a rigid consistency 
check of our conditions. 

In the second part of our investigation we will frame-rotate back to the canonical 
Minkowski frame. In other words we will write the solutions in a way in which the 
wrapped- brane G-structure of section 2, defined by half of the Killing spinors, is 
manifest. Inspired by the form of the metrics when re- written in this fashion, we can 
construct an ansatz for a more general class of wrapped-brane geometries that could 
describe an interpolation from a special holonomy metric to the ^4^5' fixed point. 
Given that the AdS solutions describe the near horizon limit of D3-branes wrapping 
calibrated cycles, such interpolating solutions should exist. We show that our ansatz 
does indeed include singular special holonomy metrics that have a calibrated cycle of 
the form that appears in the AdS solutions. The partial differential equations that 
need to be solved in order to construct interpolating solutions are involved and we 
have not managed to find any solutions. 

4.1 AdSs from Kahler-2 in CY3 

An explicit solution of this type was first constructed in [27]. The solution was first 
constructed in gauged supergravity and then uplifted to type IIB. It describes the 
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near horizon limit of a D3-brane wrapping a holomorphic H'^ in a CYs. The H"^ 
can also be replaced with a discrete quotient, H^/F and hence a compact Riemann 
surface with genus g > 1. The metric can be written 



2 



1 — A^p^ 



+(1 - AV) (ds\S') + (dV' + P - P'f)] , (4.1) 



where 

A^ = 



l + 4p2' 

dP = yo\(s^), 

dP' = Vol(i/2). (4.2) 

with p e [0,1/2]. Observe that the trivial fibre can be taken to smoothly de- 
generate at p = 0, while an 5"^ smoothly degenerates at p = 1/2 if -0 has period 
An. 

We define the frame 

e^ + ie^ = -^e*'^/^(dp + isinhpd/3), 

e^ + ie^ ^ ^\T,f^% ^^/'(dg + isingd(/)), 

/l _ \2^2 

= ^ ,,,, (dV^-cosM0-coshpd/3), (4.3) 

where p, /3 are coordinates for H'^ and 9, are coordinates for 5"^. We can then define 
an SU{2) structure by 

fl^ = (gi+ie^) A(e3 + ie^). (4.4) 

It may be verified explicitly that this is a solution of the conditions that were presented 
in section 3.3. 

We now introduce an ansatz that could describe an interpolating solution from 
a CYs metric to the above AdSs solution. To do this it is illuminating to first 
identify the SU{3) structure of the AdS^ solution, regarded as a solution with a 
two-dimensional Minkowski factor. We therefore rotate back from the AdS to the 
Minkowski frame, using the formulae of section 3. We find that the basis one-form 
of the Minkowski frame is given by 



g6 ^ -2e-'-/^/^-^ I . (4.5) 
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Defining the Minkowski-frame coordinate 



u 



1 -4p2 



8 



(4.6) 



the metric may be written as 



where 



+ L 



F-^ (du^ + ^ ^ds^S^) + {d^ + P- P')'] ) + dt' + t^s^iS^)] ,(4.7) 



u' 1 



(4.8) 



We also find that L = 2FVV1 - u^F. The 5C/(3) structure is given by the standard 
form 



(e^ + ie^) A(e3 + ie^) A(e5 + ze6), 



(4.9) 



with the Minkowski frame following from the AdS frame given by 
e^ + ie^ = L-^/2Fe^"^(dA( + isinh/id/3), 



2^^e»^nd^ + isinM0), 
L'/'F-'/'du. 



(4.10) 



By construction this structure satisfies (2.14), (2.15), and the Bianchi identity. 
We can now make the following ansatz for the interpolating solution: 



ds' = 

+ L 



ds' 



) + Fi Fads' (ii-^) 

2 



F,-'(du^ + ^{dtp + p-p'y 



F^-^'^ds'{S') +dt'' + fds^{S'] 



(4.11) 



with L and Fi 2 arbitrary functions of u, z. We impose as a boundary condition that 
this metric smoothly matches on to (4.7) in the ^^5" limit. Now we wish to determine 
the other boundary condition, by finding the most general special holonomy metric 
of the form (4.11). For special holonomy, we must have that L — 1, that Fi^2 are 
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functions of u only, and that Jq, Qq, with the obvious frame, are closed. It is easy 
to verify that is closed for any choice of Fi,F2. Closure of Jq then imphes the 
equations 

du{F,F,) + — = 0, 



Adding and integrating, we find 



= (4.13) 

for some positive constant a^. Inserting this into one of the remaining equations, 
making the substitution Fi — a^u~^ cos^ ^ and integrating, we get 

1 

--sm^i + smi = b^—. (4.14) 

By sending ^ — > — ^, b —6, we can choose the upper sign in (4.13) and (4.14). 
Furthermore in order to obtain a smooth degeneration when u — we will choose 
b — 2/3. A final change of coordinates 

sin« = l-^ (4.15) 

allows us to cast the metric in the form 

ds-" = ds^H') + ^ds2(5^) + «;-Mr2 + ^(d^ + P - P'f (4.16) 

D D 9 

where 

9a^ - 
6a^ — 

In this form it is clear that the metric is a hyperbolic analogue of the well known 
metric on the resolved conifold constructed in [37, 38], which has a holomorphic S^. 
Note that at r = 0, provided that i/j has period An (as in the AdSs solution), an 
smoothly degenerates leaving a holomorphic H^. At = 6a^, however, the metric is 
singular (unlike the resolved conifold metric). It is natural to view (4.16) as a good 
local model of a holomorphic H^, for which we can consider wrapping D3-branes. 
The gauged supergravity solution then describes the smooth back-reacted geometry 
in the near horizon limit^. 



'^Following [39] we might also try to interpret the gauged supergravity solution as describing the 
back reacted geometry of Z)3-branes wrapping a singular holomorphic two-cycle at = 6a^. 
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Upon substituting the ansatz (4.11) into the conditions for a wrapped brane ge- 
ometry we obtain some comphcated p.d.e.'s for L, Fi and F2 which we won't write 
down. We conjecture that they admit a solution interpolating between the above 
special holonomy metric and the AdS solution. 

4.2 AdS2 from associative 

An explicit solution of this type was constructed in five dimensional gauged super- 
gravity in [28] and then uplifted to IIB supergravity. It describes the near-horizon 
limit of a D3-brane wrapping an associative hyperbolic 3-space, H^. We can also 
replace H^' with a compact discrete quotient H^/T without breaking supersymmetry. 
Correcting the expression of [28] upon lifting to ten dimensions^ , we find that the 
metric of the IIB solution is given by 



d.^ = i 



A' 



2 



Xl ' ^ ' 1-AV 

+4(1 - AV)/i"/i"j , (4.18) 

Here ds^(if^) is the maximally symmetric metric on H.^ (with Ricci scalar equal to 
-6). If we introduce left-invariant one- forms cr" on satisfying du" = \e°^'^a^ A a-*^, 
and the spin connection uj^h for ds^(if^), then 

/i" = (7'^ - ^e«^W. (4.19) 

In addition 

and we take p e [0, 1/4]. The smoothly degenerates at p = 0, while at p — 1/4 
the smoothly degenerates. Defining the frame 

^1/2 e ' 
2 



= ^Vl-AW, (4.21) 

where e" is a basis for ds^(if^) (and hence de" -|- 10°'^)^ — 0), the SU{3) structure of 
this solution is given by 

= ^e''^%p'' + ie'')A{p'' + ie'')A{p^ + ie^). (4.22) 



^Our expression differs from [28] by a factor 2 in the radius of the five-sphere. 
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Using the equations (9.64)-(9.69) of [17], it is easy to verify that this is an exact 
solution of the torsion conditions and Bianchi identity that we derived in section 3.1. 

We now discuss an ansatz that could describe an interpolation from a G2 holonomy 
metric to this AdS2 solution. As in the previous subsection, we first obtain the 
Minkowski G2 structure for the AdS2 solution. We find that the one-form in the 
Minkowski frame is given by 



,7 ^ LV^e-S'-ZM (^-ie-^/Vl-16p2^ . 



Defining the Minkowski frame coordinate 



u 



(4.23) 



(4.24) 



the metric of the AdS2 solution can be written 
where 



2 

- dT^ + 4Fds2(if3)] + L (du" + + ^z" + z^d<p'^ ,(4.25) 



F = 



(4.26) 



and is given in terms of u and 2; by a (positive-signature metric inducing) root of 
the quartic 



256z^e^'' - 32^"e"'^ - l^u'e' + 1 = 0. 



4„r 



(4.27) 



We also find that L = 4F/(1 — 3m^F^/^)^/^. By construction, the G2 structure given 

by 



— J t\eJ — ImQ, 



*7(/7 = -J A J + ReQ A e'''. 



(4.28) 



with given by (4.23), satisfies the the equations (2.4), including the Bianchi identity. 

Based on this result, we can now make the following ansatz for an interpolating 
solution: 



- dT' + F^ds\H') 



+ L 



Fidu^ + F^jiy + dz' + z'd(j)' 



n2 ~a ~a 



(4.29) 



with L, Fi,2,3 arbitrary functions of u and z, and a boundary condition on the interpo- 
lating solution such that (4.29) smoothly matches on to (4.25) in the AdS limit. The 
second boundary condition on the interpolating solution is that it should smoothly 
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match onto a G2 metric, which we now determine. Requiring that (4.29) is a metric 
of G2 holonomy imphes that L is a constant, which we set to 1, that -^1,2,3 are func- 
tions of u only, and that (/? and *7(/?, with the obvious frame, are closed. Since F3 is 
a function of u alone we can choose it to be 1. Then imposing closure of </? we find 
the conditions 

^duFl-FiF2 = 0, 
d^{F,F^) + F^F^ = 0. (4.30) 

Closure of *7(p produces the condition 

d,(F^F^) = F| - F^F2, (4.31) 

integrate (4.30); adding, we 



(4.32) 



(4.33) 



(4.34) 



Fi^x + p. (4.35) 

The constant (3 may be eliminated by a shift in x. Finally, defining x = (3a)^^^R, 
then dropping the tildes together with an overall scale factor of 3(3q;)^/^, the G2 
metric is 

= ^ + f d.^(i7=') + f - (4.36) 

Observe that this metric is the hyperbolic analogue of the well-known G2 metric on 
an bundle over S^, [40], [41], which has an associative S^. In particular, at = 1 
the metric is smooth and describes an associative H^. Unlike the metric in [40], [41], 



which is implied by (4.30). It is straightforward to 
immediately obtain 




for some constant a. Then we have 



duFi = - 




Defining a new coordinate x according to 




we get 
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however, the metric (4.36) is singular ed, R — 0. It is natural to view (4.36) as a good 
local model of an associative H^, for which we can consider wrapping D3-branes. 
The gauged supergravity solution then describes the smooth back-reacted geometry 
in the near horizon limit^. 

Upon substituting the ansatz (4.29) into the conditions for a wrapped brane ge- 
ometry we obtain some complicated p.d.e.'s for L, Fi, F2 and F3 which we won't 
write down. We conjecture that they admit a solution interpolating between the 
above special holonomy metric and the AdS solution. 

5 Conclusions 

In this paper we have derived an interesting class of supersymmetric geometries of 
type IIB supergravity with Minkowski factors and five-form flux that are associated 
with D3-branes wrapping calibrated cycles in special holonomy manifolds (or con- 
figurations of intersecting DS-hranes). Using these wrapped-brane geometries we 
determined the extra conditions that are required in order to obtain a supersym- 
metric solution with an AdS factor. The AdS2 conditions we have derived for the 
cases of D3-branes wrapping associative or SLAG three-cycles, are new. Although 
the AdS^ conditions for the cases of D3-hranes wrapping holomorphic two-cycles in 
CY2, CYs and CY4 have been derived before, here we make an explicit hnk between 
these geometries and the wrapped-brane geometries. 

By analytic continuation of the AdS metrics and torsion conditions, one obtains 
the conditions defining a class of supersymmetric geometries containing spheres. The 
class of BPS geometries with the AdSs replaced by S^ have been classified before, but 
we found a new class with an S'^ factor by replacing AdS2 with S'^ for the case asso- 
ciated with associative three-cycles. These geometries preserve 1/8 supersymmetry 
and have M x SU{2) symmetry. It would be interesting to study them further. 

For two explicit AdS solutions, we have verified that they satisfy the appropriate 
torsion conditions, by explicitly obtaining their structures. This serves as a strong 
overall consistency check of our results. For these solutions we also constructed a more 
general ansatz for the corresponding wrapped-brane geometries which could describe 
solutions that interpolate between a special holonomy metric and the AdS solution. 
In particular, we show that the ansatz admits singular special holonomy metrics 
that have calibrated cycles of the appropriate type. It would be very interesting 

^Following [39] we might also try to interpret the gauged supergravity solution as describing the 
back reacted geometry of Z)3-branes wrapping a singular associative three-cycle ai R = 0. 
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to construct explicit interpolating solutions and to study how the singularity of the 
special holonomy metric gets resolved in the AdS limit. 
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